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Extended Energy Management Methods for
Flight Performance Optimization

Anthony J. Calise*
Dynamics Research Corp., Wilmington, Mass.

This paper develops a singular perturbation approach to extend existing energy managment (EM} methods. A
procedure is outlined for modeling altitude and flight path angle dynamics which are ignored in EM solutions. It
is shown that nonlinear feedback solutions can be obtained, even for EM problem formulations which currently
result in a two-point boundary-value problem. A nonlinear controller for two-dimensional, minimum time air-
craft climbs is derived and numerical results for a fighter aircraft are given. The procedure outlined in this paper
is general and applicable to solving a wide class of optimal control problems. It avoids the problem of picking
the unknown boundary conditions at the initial and terminal times to suppress the unstable modes in the boun-
dary layer.

Introduction

OPTIMAL control theory long has been recognized by
researchers and analysts as having serious shortcomings

in practical applications. The difficulty of solving nonlinear
two-point boundary-value problems has prevented the
widespread use of this theory as a practical analysis and
design tool. In addition, real-time applications generally are
limited to situations where a solution in feedback form can be
found. The problems associated with applying linear-
quadratic theory to systems with nonlinear dynamics are well
known.

Reduced order modeling techniques have been used to over-
come the mathematical difficulties associated with using op-
timal control theory, and to obtain nonlinear solutions in
feedback form. In problems dealing with atmospheric flight
performance optimization, these techniques have resulted in
energy state approximation.1'2 In some applications, the
faster dynamics ignored using these approximations have a
negligible effect on performance. In other cases, the energy
state approximations are not sufficiently accurate or are not
applicable.

Singular perturbation theory offers the unique advantage
that the fast dynamics ignored in the reduced order for-
mulation can be accounted for later through a separate
4'boundary-layer" analysis. The result is that the solution of a
high-order problem is approximated by the solution of a series
of problems of lower order.3"/5 When applied to flight per-
formance optimization, the boundary-layer solutions can be
used to extend the validity of the existing energy management
(EM) solutions.

An outline of the paper is as follows. First, existing EM
methods are discussed, so that the reader has a firm un-
derstanding of the approximations made and the limitations
that exist in problem ormulation. A procedure then is
outlined for applying singular perturbation methods to extend
the EM methods. The extended energy management (EEM)
solutions are inherently more accurate, and there is greater
flexibility in the original problem formulation with regard to
obtaining solutions in feedback form. Several examples are
carried out to illustrate the solution procedure.

EM Methodology
Introducing the concept of energy state results in the

following point mass equations of motion for two-
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dimensional flight

E=(T-D) VIW

eh = V sin7

e2y=g[(L/W)-cosy]/V

(1)

(2)

(3)

where E is the total energy per unit weight, T is thrust, L is
lift, D is drag, IV is weight, g is gravity, h is altitude, and 7 is
flight path angle. The velocity V is regarded as a function of
Eandh

V=(2g(E-h)] (4)

The parameter e nominally equals one.
EM methods embody the use of E as a state along with the

approximations that near-level flight conditions persist over a
large portion of the trajectory. Taking T and D as general
nonlinear functions of h, V, and L

T=T(h,V)

D=D(h,V,L)

(5)

(6)

and assuming y = 0 and L—W\n Eq. (1) results in a reduced
order model

E=fE(h,E) (7)

with h as a control variable. In the context of an optimal con-
trol problem, the energy-state approximations imply that the
optimal control h varies slowly over most of the trajectory,
but it may contain discontinuities and rapid variations con-
fined to narrow regions. Zoom climbs and dives provide rapid
variations in h by the interchange of kinetic and potential
energy whereas E remains relatively constant. Hence, on the
time scale in which energy changes are made, it is consistent to
use altitude as a control variable. The concepts are better
defined in mathematical terms in the context of singular per-
turbation theory.

Optimal Feedback Control Solutions
With the reduced order model of Eq. (7), it is possible to

find optimal control solutions for several important problem
formulations.2 For example, the minimum time and fixed
throttle minimum fuel paths for gaining energy are given by

/**=argmax [fE]
h

(minimum time) (8)



MARCH 1977 METHODS FOR FLIGHT PERFORMANCE OPTIMIZATION 315

and

h * = arg max [fE I ( - rh)) minimum fuel (9)

for a given E, where rii is the rate of change of mass at a fixed
throttle setting. Equations (8) and (9) are particularly useful in
that they result in unique paths in the h V plane, independent
of the boundary conditions on E. Hence, a feedback solution
is obtained since h* is only a function of the current energy
state. Typical paths resulting from (8) and (9) are shown in
Fig. 1.

Not all formulations result in a feedback path. For exam-
ple, the problem of maximizing range for a fixed throttle set-
ting and fixed amount of fuel results in the following two-
point boundary-value problem (TPBVP):

(d/dm)E=fE(h,E)/(-rh), E(m0)=E0 (10)

(d/dm)\E=-dH/dE, \E(mf)=0 (11)

/i* = arg max [H] E (12)
h

H=V/(-rh)+\EfE(h,V)/(-m) (13)

where

A single feedback path does not result from (12) since H
depends on A£, which is a function of E0 and mf. The ap-
plication of EM methods to three-dimensional problems also
generally results in a TPBVP.6*

Limitations of EM Approach
EM solutions do not account for the time and fuel spent in

h and 7 transitions. Hence, performance studies generally are
limited to ranges of boundary conditions resulting in long
flight times. Figure 2 illustrates this by showing a typical
comparison of the minimum time EM solution with optimal
solutions where h and 7 dynamics are modeled. The EM
solution consists of the locus of solutions to Eq. (8) across all
energy levels. The time to change energy levels is given by

[Ef d£
r = k ^

(14)

where E* is the energy rate on the solution path. Note that
instantaneous transitions at the initial and terminal times are
implied to satisfy boundary conditions on h, V, and 7. Also,
there may be an intermediate region (line ab) requiring large
flight path angle rates in order to follow the EM solution

path. The performance measure in Eq. (14) is valid whenever
the net change in energy is large or the boundary conditions
are close to the £Mpath. The flight time and optimal path for
short-term energy gains or for boundary conditions far
removed from the EM path are not represented accurately.
For these cases the optimal solution paths are dominated by
transitional arcs, with a small amount of the total time spent
near the EM solution path.

A second and perhaps more important limitation of EM
methods is that they do not always lead to a solution in the
form of a feedback path. Solutions which require iteration are
cumbersome to use in performance studies and require on-
board storage of parameter tables in real-time applications. In
the next section a procedure is outlined for extending EM
methods to account for the fast h and 7 dynamics. It also is
shown that feedback solutions can be obtained for EM
problem formulations which currently result in a TPBVP.
The examples given are for two-dimensional problems;
however, the approach is general and can be used to obtain
feedback solutions to problems in three dimensions.5

Previous simulation studies of combat aircraft9 and a ramjet
propelled cruise missile10 have demonstrated the accuracy of
the approach.

Singular Perturbations for Extending EM Methods
Numerous papers discuss the use of singular perturbation

methods in the solution of variational problems.3'5'11"13 In
general the techniques are based on boundary-layer solution
methods of VasiPeva and others14'15 and can be viewed simply
as a series expansion approach to solving differential
equations.

The greatest difficulty encountered in applying singular
perturbation methods lies in finding matching *'inner ex-
pansion" (boundary-layer) solutions needed to correct for
discrepancies in the so-called "fast variables." These
discrepancies generally occur at the initial and terminal times.
In the context of Fig. 2, the inner expansions can be used to
model the h and 7 transitions to and from the EM solution
path. These expansions also are required to appropriately
model discontinuities in h* occurring along the EM solution
path. If the initial state is given, the adjoint variables for the
inner expansion system are free at the initial time and must be
picked to suppress unstable modes, so that h and 7 asymp-
totically approach h* and 7* on the EM path. For the general
nonlinear case, finding the matched asymptotic solutions is a
difficult problem.

In the following section an approach is outlined which
avoids the problem of picking the unknown adjoint values in
the inner expansion system. This is done on the basis of

ALTITUDE

MAXIMUM RANGE
EEM PATH

MINIMUM TIME
EM PATH

VELOCITY

Fig. 1 Feedback solution paths resulting from energy state ap-
proximations.

CONSTANT

EM MINIMUM
TIME PATH

\
\ \

VELOCITY*

Fig. 2 Comparison of a typical EM minimum time solution path
with minimum time trajectories for two sets of boundary conditions.
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multiple time scale separation of the state equations,3 and
enforcing the condition that the Hamiltonian be continuous
across the inner expansion for each time scale. The effects of
state and control constraints are ignored to simplify the
outline.

Outline of the Approach
Consider the system of equations

x=f(x,y,u,t)

eiyi=gi(x,y,u,t),i = L..m

(15)

(16)

where x, y, and u are n, m, andp dimensional vectors, respec-
tively. The parameter e is introduced as a time-scaling
parameter so that the individual elements of y are ordered on
separate time scales in accordance with the relative speeds
with which these variables can change their magnitudes.

It is desired to minimize

(17)

(18)

(19)

(20;

The associated adjoint equations are

\x= -dff/dx

where

It is possible to write an "outer expansion" (freestream)
solution of the form

(21)

in the state, adjoint, and control variables. However, the
expansion is not uniformly valid in the interval Q<t<tf, since
y(t,e) and \y(t,e) will not satisfy their respective boundary
conditions. This leads to the occurrence of boundary layers,
which can be investigated using the time stretching trans-
formations

T,=f /e ' , <ji=(tf-t)/ei

at the initial and terminal times, respectively.

Zero-Order Outer Expansion Solution
Taking the limit e-0, Eqs. (15) and (16) become

x°=f(x°,y0, u°, t)

0=gi(x°fy0,u0,t)

(22)

(23)

(24)

where the superscript 0 denotes the zero-order term in the
outer expansion (21). The fast variables are approximated as
being infinitely fast, thus achieving their equilibrium con-
dition (24) in zero time. The necessary conditions for op-
timality become

x°=f(x0,y0,u°,t), x°(0)=x0

0=g(x0,y°,u°,t)

dH°/du = Ot

t)

(25)

(26)

(27)

(28)

(29)

and \// represents the terminal constraints. Note that as a result
of letting e^O in Eq. (19), the original fast variables now
appear as control variables. Also, the adjoint vector X^ in
Eq.(29) now is used to enforce the constraints in Eq.(26),
consequently the vectors y° and X" no longer satisfy their
respective boundary conditions.

All of the existing EM modeling can be viewed in the con-
text of a zero-order outer expansion solution. For example,
letting e— 0 in Eqs. (2) and (3) results in the standard energy
state approximation. The fact that h appears as a control
variable now is understood in the context of the preceding
paragraph.

Example 1
Consider the minimum time and minimum fuel to gain

energy problems. Equations (28) and (29) becomef

and

H° = \yE +1 = 0 (minimu time),

dH°/dh = 0, 7 = 0, L = W (30)

H° = \°EfE-rh = 0 (minimum fuel),

dH°/dh = 0, 7 = 0, L = W (31)

where fE is defined previously by Eq. (7). Equations (30) and
(31) each represent two equations in two unknowns (h° and
\°E) . The solution yields the results in Eqs. (8) and (9), along
with the adjoint values

\°E=-l/fE(h*,E)

\°E=rn/fE(h*,E)

minimum time

minimum fuel

(32)

(33)

Zero-Order Boundary -Layer Solution
In this section the / = 1 zero-order boundary-layer solution

is derived for the initial time. The derivation of the remaining
zero-order boundary-layer solutions follows by induction. In
general, the state variables yj+i....ym appear as control
variables in the /th layer. The dynamics for attaining the
optimal state value yi+1(ri+1) are modeled in the /+ 1 layer
using the transformation ri+1 = t/ei+1 .

Using T} = t/e results in the / = 1 initial boundary-layer
system

( d / d r I ) x = e u,

(d/dr, )>>,=£, [*,>>, u,e,T, ]

e'-y (d/dr, )yt =gj [x, y, u, €,7, ], i = 2...m

and the related adjoint equations

(d/dT,)\x=-e(d/dx)Hi

where

,. = -(d/dyi)HI i=2...m

g +L (x, y.u.ej

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Again, it is possible to write an inner expansion solution of
the form

.(T/ ,e)=«(T7 ,0) + (d*/de)e + ... (41)

fThe terms corresponding to \°g in Eq. (19) are avoided by sub-
stituting the solutions 7 = 0 and L= IV as in Eq. (7). The alternative
would involve evaluating Xy using 3H° /dy = dH° /dL = 0.
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in the state, adjoint, and control variables. Equation (35) now
will be used to "match" the initial conditon on yl to the
optimal value y° resulting from the zero-order outer ex-
pansion solution. The zero-order boundary layer necessary
conditions result from taking the limit e-*0 in Eqs. (34-39).

(d/drI)x°(T})=0, x°

(d/drI)y°I(r1)=g1 [x0,y° (

y°i(Ti) T/=o=yo
0=g,[x0>y°(T1), U ° ( T I ) ) (

I ) , u (Tj),

], i = 2...m

0, i = 2...m

(42)

(43)

(44)

(45)

where

+ L[x0,y°(T1), u°

), M ° ( T 7 ) , 0]

), H ° ( T , ) , 0}

r,), 0]=H° (46)

Note that a feedback solution always will result from the
application of Eqs. (44-46). The controls, states, and adjoints
u°, y°and X°. (/ = 2...m) can be evaluated using Eqs. (44) and
(45). The remaining unknown adjoint X j (T/ ) is evaluated by
enforcing continuity of the Hamiltonian in Eq. (46), where
H° is the zero-order Hamiltonian value known from the zero-
order outer expansion solution. This avoids the problem of
having to pick \ ° V I ( T I ) \ =0 to suppress unstable modes.
The following example will illustrate that the boundary-layer
solutions provide asymptotically stable transitional arcs in the
h and 7 variables of Example 1. These arcs can be used to
match the boundary conditions to the EM solution paths
resulting from the zero-order outer expansion solution.

Example 2
The /= ! zero-order boundary-layer equations for the

minimum time problem of Example 1 are

E(r,)=E0. (47)

(d/drj)h=Vsmy (48)

L = W cos7 (49)

H]=\E(0)(T-D)V/W+\hVsmy + l = 0 (50)

( d H I / d y ) = 0 (51)

The superscript notation has been dropped for convenience in
writing the equations. Employing a conventional represen-
tation for drag

D = qsCD<) + KL2/qS (52)

and substituting W2cos2y for L 2 , the variation in Eq. (51)
results in

= -2X£ (0)KW s'my(Tl)/q(r])S (53)

Substituting Eq. (53) into Eq.(50) to eliminate X/, gives the
following expression for s in7 ( r / ) as a function of states and
known parameters

sinT* (T, ) = ± V//° (h)q(r, )S/\E (O)KWV(r, (54)

Where H° (h) is the reduced order Hamiltonian given in Eq.
(30) evaluated for L = W at the current values of h and V.

Since the minimum of//0 is at h = h*(E0) and H° (h*) =0, it
follows that H°(h)>0 for h*h*. Note from Eq. (32) that
\E (0) is negative so that the argument under the radical in Eq.
(54) is negative. Since there is no real solution to Eq. (54),
y ( r ] ) must lie on the bound (±7m a x) everywhere except at
h—h* where y ( r } ) =0. This implies two jumps in y ( r } ) , one
at TI =0 from the initial condition to ±ir/2 (depending on
whether the initial altitude is above or below h*) and one at
r / = r * (when h ( r I * ) = h*) from ±7r/2 to 0. Hence two
boundary-layer corrections are needed to model these rapid
transitions in flight path angle. Note that when 7(7;) is on the
bound, \h (T! ) is obtained from Eq. (50) as

TJ) siny*(T,)

= ±7max (56)

Following the same procedure, the / = 2 zero-order
boundary-layer equations around ry =0 are

E(r2)=E0, h(T2)=h0 (57)

(d/dT2)y=g[L/W-cosy]/V (58)

H2=\E (0)(T-D) VI W+\h (0) V snry

+ \yg[L/W-cosy]/V+l = 0 (59)

3H2/dL = 0 (60)

Equations (59) and (60) now are used to solve for X7 (r2 ) and
L(r2). To simplify this step, L( r 2 ) i s defined as the sum of
two components

L(T2)=L0(T2)+dL(T2)

where

(61)

(62)

and the variation in Eq. (60) is taken with respect to 6L. This
results in the following expression

(63)

Substitution of Eq. (63) into Eq. (59) to eliminate X7 provides
the final expression for the zero-order lift solution as a
function of states and known parameters evaluated in the
zero-order outer expansion and / = 1 inner expansion solutions

dL = ± ,̂ ^^^ (64)

where / / / ( • ) is defined in (50).
Note that all of the terms under the radical except 7 are

constants in the r2 time scale. Assuming that h()>h*(E0),
then y*(r, ) = —ir/2 and the minus sign in Eq. (64) applies in
the initial / = 2 boundary layer. The values of \h, h, V, and
7 used to evaluate the terms under the radical are the current
state values. In the / = 2 boundary layer around T ;=T*, the
time scale transformation is

(65)

For h0>h*(E0) the plus sign in Eq. (64) is used and the
equations of motion are in effect solved backwards in time
from h = h*(E0), V=V*(E0), and 7-0 obtained using Eqs.
(8) and (4).

Asymptotic stability in the boundary-layer solution is
required for the successful application of the control solution
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inEq. (64). That is,

lim 7(r2)=7*, lim (66)

From Eq. (58) this will occur if <5L — 0 as y(r2)^y*, which is
guaranteed in Eq. (64) since /// (»,7*) = 0 from Eq. (50). It is
also desirable that 5L = 0 at o2 * = 0 which will provide L = W
at /**, K*, 7 = 0. From Eqs. (30) and (50) we have that

Hl(h*,W,0)=H°(h*)=0 (67)

The control solution in Eq. (64) can be used to generate
constant energy transition arcs that match the boundary
conditions on h and V to the values /?*, K* on the EM
minimum time path corresponding to the initial and final
energy levels. Both h and E are constant in the / = 2 boundary
layer; however, since d L ( r 2 ) is expressed as a function of h, it
is possible to integrate h and 7 and update the control solution
using the current values of both h and 7 as new initial con-
ditions. This can be done in both the forward r2 and back-
ward o2 time integrations. The sequence of computations is
summarized in Fig. 3.

Numerical results on this example for the case of a fighter
aircraft are given later in this paper, hence further discussion
on the preceding analysis is reserved for that section.

Example 3
This example is included to illustrate the EEM procedure

for obtaining closed-loop solutions to problem formulations
that result in a TPBVP using EM methods. Consider the
maximum range at fixed throttle problem whose EM solution
is given in Eqs. (10-13). Separating position and energy
dynamics, the problem is formulated as

(d/dm)x=V/(-m)

e 7 (d/dm)E = (T-D) VI ( - Wrti)

e j (d/dm)y=g[L/W-

Update of
Initial Conditions

L __ _ _ _ _

Fig. 3 Sequence of EEM computations for minimum time to climb
trajectories.

with x(mf) as the performance index.
The zero-order outer solution is

L=W~ 7 = 0, T=A //° = )

dH°/dh = 0, dff°/dE = 0

Thus,
/z*,£'*=argmax {V/(-m)\

h,E

is the optimum cruise condition. Since \x(t) = lt this also
leads to the conclusion that H° = V*/(-rh*) where K* and
m* are the velocity and mass flow rate at the cruise condition.
The zero-order, /=! boundary layer is used to model the
energy gaining portion of the trajectory and the necessary
conditions are the same as those'in Eqs. (10-13), along with
the continuity condition that H=H° in (13). This is used to
evaluate the unknown adjoint \E and a feedback EEM path to
the optimal cruise condition results, as illustrated in Fig. 1.
Terminal constraints on h and E can be matched through the
addition of appropriate zero-order terminal boundary-layer
solutions.

First-Order Solution
In general the first-order necessary conditions are obtained

by expanding the outer and boundary-layer necessary con-
ditions to first order in e. This is accomplished most easily by
taking the variation with respect to e on both sides of the
equations and letting e — 0. The boundary conditions to first
order are derived by asymptotically matching the outer ex-
pansion to the first boundary-layer expansion. The procedure
parallels that given in Ref. 18 where boundary conditions are
derived by matching the outer expansion solution for small /
to the boundary-layer solution for large r. For the case here of
(n — 1) boundary layers there are an additional (n - 1) adjacent
boundary layers to be matched. In matching the /th boundary
layer to the / + 1 boundary layer, the solutions are matched for
small TJ and large r / + 1 . A similar approach is followed in the
terminal boundary layers. The matching would start with the
innermost boundary layers and proceed outward to the outer
solution. This provides initial conditions for the first-order
terms. The necessary conditions then are solved inward to the
innermost boundary layer as outlined for the zero-order
solution. This provides the first-order correction to the
control solutions.

Although the procedure is straightforward it is cumbersome
to express in mathematical terms. An example first-order
expansion of the altitude and flight angle dynamics is
provided in the next section.

Numerical Results
This problem is particularly well suited for numerical

illustration. First, it represents a fairly complete, nonlinear
aerodynamic problem. Second, its solution has been treated
extensively in the literature using a spectrum of approaches
including steepest ascent,16 energy management,1'2 and
singular perturbation methods.17"19 In Ref. 17 the parameter e
represents the inverse of (L/D)max. The zero-order outer
solution is made up of singular arc energy climbs and tran-
sition arcs (7=±7r/2) with discontinuities at the junctures.
The boundary-layer analysis exposes the rapid 7 dynamics in
the vicinity of the junctures. In Refs. 18 and 19 E is taken as
the slow state with h and 7 treated as fast variables that vary
on the same time scale. Hence, it is necessary to solve a two-
state TPBVP in the boundary layer. The solution is carried to
first order for "Airplane 2" of Ref. 2 and is shown to
compare accurately with gradient solutions obtained for the
original three-state model. It also is shown in Ref. 18 that the
dynamics in h and 7 and their adjoints are highly coupled,
which is a third reason for selecting this problem to illustrate
the EEM analysis procedure. The closed-form solution ob-
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2 50

5.30

ZERO ORDER SOLUTION USING EQUATION (64)

ZERO ORDER SOLUTION IN (19]

ALTITUDE (h), FEET

Fig. 4 Comparison of the zero-order separation of h and 7 with the
two-state zero-order solution for 7(0) = - 2.0.

ALTITUDE (h), FEET

Fig. 5 Comparison of the zero-order separation of h and 7 with the
two-state zero-order solution for 7(6) = 60.

tained here relies on the separability of the h and 7 dynamics.
It is shown that accurate results are achievable through a
modification of the matching procedure, thus justifying the
use of separate time scales for h and 7.

The analysis in this section is confined to examining the
/ = 1 and / = 2 boundary-layer solutions in h and 7 to zero and
first order. Numerical comparisons are made to the zero-
order solutions for /rand 7 in Ref. 19, which can be viewed as
exact optimal solutions for the case of constant energy.
Hence, the term "optimal" is used when referring to these
solutions. The limited comparison here suffices to illustrate
the concepts presented earlier in this paper and to demonstrate
the separability of the h and y dynamics. J

Zero-Order Solution
The construction of the zero-order solution using Eq. (64)

as the nonlinear controller has been discussed at the end of
Example 2. Numerical results for the same aircraft used in
Ref. 19 are given in Fig. 4 for /i(0) = 4000 ft, K(0) = 484 fps
and 7(0)= -2°. The energy level for /z(0), K(0) is
£(0) = 43,637.5 ft, and the corresponding optimum altitude
for maximum E computed using (8) is h* =7500 ft. The E
state was held constant in the simulation for comparison to
the optimal solutions in Ref. 19. The curves labeled A
correspond to a forward and backward time integration of the
h and 7 dynamics for \h evaluated using Eq. (55) and
Tmax = tf/2. Note that the boundary layers intersect before
reaching their steady-state values. This is a consequence of the
highly coupled h and 7 dynamics. The matching condition
requires that there be a region of overlap in which both the
initial and terminal boundary layers are in steady state

(dy/dh = 0). The procedure used here to attain this region is to
reduce 7max. This corresponds to the state constraint matching
technique in Ref. 20. If in the optimal solution to the three-
state problem 7(0 > ~7max> tnen li is convenient to think of
Tmax < fl"/2 as an artificial constraint that does not alter the
original problem statement. A logical choice for 7max is the
value of 7 corresponding to the intersection of the A curves.
This produces new values for \h in Eq. (55) and 6L in (64),
and results in a new set of curves for 7 = f ( h ) that intersect at
a higher value for 7. This procedure was iterated until a
sufficiently small value of dy/dh was observed at the point of
intersection. The curves labeled Bin Fig. 4 correspond to the
numerical solution after four iterations. Also shown is the
numerical result for the two-state solution given in Ref. 19.
Figure 5 presents the same comparison for 7(0) = 60°.
Convergence in this case was obtained after three iterations.
In both cases the minimum values of 7 agree to within a
degree for both solution methods.

First-Order Solution
For the EEM analysis procedure to be valid it is necessary

that the /=! and / = 2 boundary-layer control expansion be
convergent to the zero-order solution of the two-state
problem. The following analysis expands the control solution
in (64) to first order.

Assuming that the states /i, £, K, and 7 are measurable
functions, it is only necessary to expand \h and X£ to first
order to express the control solution to first order. Fur-
thermore, since we wish to obtain a comparison to the zero
order solution in Ref. 19, the first-order correction to X£ is
ignored. Hence, the control solution in Eq. (64) can be ap-
proximated to first order as

tin order to compare the EEM solution to the first-order results in
Ref. 19, the outer solution must be expanded to first order to account
for energy changes during the h and 7 transitions.

dL = (X£ (0), \°h2 + \I
h2,E(0),h,L0,y)qSW/\E (0)KV

(68)

Table 1 Comparisonof h, 7, and LlW histories for 7(0)= -2.0deg

Time

0
2
4
6
8

10
12
14
16
18

Zero-
order
EEM
40000
39849
39842
38923
38192
37304
36272
35105
33814
32406

Altitude
First-
order
EEM
40000
39848
39476
38907
38162
37258
36209
35026
33718
32296

Flight-path angle
Two
state

model
40000
39848
39476
38909
38166
37265
36219
35039
33735
32315

Zero-
order
EEM

-2.0
-15.5
-26.8
-36.0
-43.3
-48.9
-53.1
-56.1
-58.2
-59.4

First-
order
EEM
-2.0

-15.6
-27.3
-36.7
-44.1
-49.8
-53.9
-56.9
-58.7
-59.7

Two
state

model
-2.0

-15.6
-27.2
-36.6
-44.0
-49.6
-53.8
-56.7
-58.6
-59.6

Load factor
Zero-
order
EEM
-.896
-.706
-.550
-.418
-.300
-.184
-.070
-.048

.172

.303

First-
order

EEM
-.900
-.743
-.597
-.462
-.332
-.204
-.075

.059

.206

.357

Two
state

model
-.901
-.731
-.581
-.445
- .381
-.255
-.066

.066

.206

.357
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ALTITUDE (h), FEET

Fig. 6 Comparison of the first-order separation of h and y with the
two-state zero-order solution for 7(0) = - 2.0.

75

S 50

§
5 '7<

FIRST ORDER SOLUTION USING EQUATION (68)

ZERO ORDER SOLUTION IN [19]

30 25 20
ALTITUDE (h). feet

Fig. 7 Comparison of the first-order separation of h and 7 with the
two-state zero-order solution for 7(6) = 60.

The subscript 2 denotes a second boundary-layer expansion
term and the superscript denotes the order of the expansion
term. For example

\ ( 2 m ( d / d € ) \ h ( e , T 2 ) \ f s s 0

If the control is updated after each integration step and each
new state is treated as an initial condition, then we require the
initial conditions for X/J2 and \(2 in Eq. (68). These are
developed by applying the usual matching conditions of
matched asymptotic expansion theory. Following the ap-
proach given in Refs. 18 and 19, the matching condition for
\h between the / = 1 and / = 2 boundary layers is

inEq.(55) (69)

d
?dV -i '2 d

T-Xi2(r2)dr21 dr2
 2

(70)
where

dh dh

(0)g siny/V-\°2 (0)g2 [L/W- cos7] /V3 (71)

and where X^2 is obtained using Eq. (63).
The time r* is picked sufficiently large so that (d/dr2 )Xj[2 is

in steady state. Equation (70) relates \( (0) to \]
h] (0),

which, in turn, is determined by expanding Eqs. (50) and (51)
to first order. Again, ignoring the first-order terms in \E and

E we have X / = 0 and

H\ (0)=\E (0) (0) -\°h] (0) (g smy°/V)h]
1 (0)

(72)

where 7? = -7max from the matched zero-order solution. The
term /*{(0) in Eq. (72) is obtained from a similar matching
condition to that in Eq. (70)

(73)

(74)

where

and H2(Q) = Q since h2(Q) already satisfies the boundary
condition on h. This completes the equations needed to
determine X / ^ a n d X^2 in Eq. (68). The boundary-layer in-
tegrations in Eqs. (70) and (73) are done at each major in-
tegration step to update the value of \(2.

Figures 6 and 7 show that a remarkably accurate result is
obtained using the nonlinear control in Eq. (68). The accuracy
is possibly due to the feedback nature of the solution which
requires that only the adjoints (and not the states) be corrected
to first order. The numerical comparisons of h, 7, and L/W
for the initial 7 boundary layer are given in Tables 1 and 2.§ A
one-to-one comparison for the terminal boundary layer is not

§The numerical results for the two-state solution were provided by
the author of Ref. 19 for this comparison.

Table 2 Comparison of h,y, and L/W histories for 7(0) = 60 deg

Time

0
2
4
6
8

10
12
14
16
18
20
22

, 24
26

Zero-
order
EEM
40000
40709
41151
41337
41289
41034
40593
39986
39225
38320
37252
36080
34784
33371

Altitude
First-
order
EEM
40000
40721
41201
41439
1445

41236
40835
40260
39527
38649
37606
36458
35188
33801

Flight path angle
Two
state

model
40000
40724
41210
41453
41465
41262
40866
40297
39569
38696
37685
36545
35282
33901

Zero-
order
EEM

60.
41.5
22.8
4.8

-11.5
-25.3
-36.4
-45.0
-51.4
-56.2
-59.8
-62.2
-63.8
-64.7

First-
order
EEM

60.
43.9
26.8
9.1

-8.0
-23.0
-35.2
-44.6
-51.7
-56.8
-60.4
-62.8
-64.3
-64.9

Two
state

model
60.
44.4
27.4
9.6

-7.6
-22.8
-35.1
-44.5
-51.6
-56.7
-60.4
-62.9
-64.4
-65.1

Load factor
Zero-
order
EEM
-1.690
-1.460
-1.098
-.825
-.628
-.482
-.370
-.274
-.185
-.097

.005

.090

.192

.301

First -
order
EEM
-1.430
-1.233
- .999
-.822
-.676
-.546
-.430
-.323
-.220
-.118
-.010

.102
.224
.360

Two
state

model
- 1 .443
-1.204

.999
-.822
-.670
-.538
-.421
-.315
-.214
-.115
-.013

.095
213

.342
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possible since the results were not available at identical time
points due to the differences in the techniques used to generate
the trajectories.

It should be pointed out that the numerical solutions given
in Refs. 18 and 19 for the TPBVP associated with the two-
state problem exhibit an instability near the energy climb
path. This is because of the inability to pick the unknown
adjoint at the initial time to exactly cancel the two unstable
roots associated with the state adjoint system of dynamics.
This problem is avoided when the h and 7 dynamics are
separated. An additional comment is in order with respect to
the method of matching the h and 7 dynamics in the zero-
order solution. An exactly analogous situation exists with
respect to optimal flight to a specified range (Example 3). For
short ranges the climb and descent paths intersect before
reaching the optimal cruise condition. For this case the cruise
altitude should be constrained in computing the zero-order
outer solution until the boundary-layer climb and descent arcs
intersect at a point where dh/dx is near zero. An analogous
procedure was used in Ref. 21 to derive minimum direct
operating cost trajectories for airline short-haul missions.

Conclusions
A singular perturbation approach for extending EM

methods has been outlined. The approach systematically
accounts for the dynamics in all of the state variables and
yields a solution in feedback form. Matching boundary-layer
trajectories result whenever the system is controllable to the
equilibrium conditions of the EM solution path. The problem
of picking the unknown adjoint values in the boundary layers
to guarantee stability is avoided by enforcing continuity of the
Hamiltonian across the boundary layers.
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